Abstract. The Ekman partial differential equation for the stream function of turbulent mass flow in shallow and small-sized surface waters are discussed. The Dirichlet problem-for the Ekman equation is shown to be well-posed in a weighted Sobolev space. Conditions for the existence of classical solutions are given. The dependence of regularity and asymptotics of the solution on the properties of the depth profile are studied.
Introduction
In the present paper we are concerned with the Dirichiet problem for the partial differential equation
Lu -j (Vh, Vu) = k A( Vh , QW)
in Q
which models the wind-induced hydrodynamic flow in small and shallow surface waters.
Here the bounded domain Q C R 2 describes the projection of the considered surface water on the plane R2, (,) denotes the Euclidean scalar product in R2 , u : Q -R the stream function, h: Q -* [0, +) the depth profile, W E lR 2 the wind vector,
Q=(J )
a clockwise rotation by an angle of f and, finally, kA > 0 an empirical constant.
In [17] equation (1) was derived in the given form and discussed under the Dirichlet condition u=uo on i9Q (2) and a finite difference scheme for the numerical solution was presented. However, typical depth profiles h vanish at least on parts of ôl, and up to now there has been no proof that problem (1) - (2) is well-posed for that case. The aim of the present paper is to prove existence and uniqueness of solutions to problem (1) - (2) and, furthermore, to discuss regularity of the solution under possibly weak assumptions. To this end we transform equation (1) into divergence form and consider an associated variational problem .
a(u,v) = b(v)
for all v (3) in a weighted Sobolev space H(Q). Using the Lax-Milgram lemma we obtain unique solvability of the Dirichiet problem (1) - (2) . If, in addition, Vh is bounded this allows us to infer the existence of an element I E L 2 () such that the solution u of problem (3) satisfies Lu=f. (4) Hence, we conclude that u E H(cl). We are able to strengthen this regularity result, if ci is a polygonal domain and the depth profile h fulfils h(x) g (x) dist(x, 8cl) with a function g satisfying g(x) ^! c > 0 for, all x. In this case we obtain u E H'+(Q). Further, the asymptotic behaviour of the solution in a neighbourhood of smooth parts of the boundary will be derived.
Weak formulations, existence and uniqueness
If we derived a weak formulation of problem (1) - (2) by multiplying equation (1) by a test function v and integrating by parts we would obtain a non-symmetric bilinear form. Moreover, without assuming rather undesirable conditions on the depth profile h it proves to be difficult to obtain existence and uniqueness of a weak solution that way. Weak coercivity (cf. [1] ) can be obtained forh > ho > 0 by using a maximum principle (cf. [4) ). The assumptions of the Lax-Milgram Lemma can be fitted under certain conditions for ci and h expressed in terms of embedding constants (cf. [131). Both results hold in H'(ci), and both require rather unrealistic restrictions on h.
A proper variational formulation of problem (1) -(2) is obtained after multiplying equation (1) by h 2 . In fact, observing that
we can rewrite equation (1) in the form div(h 2 Vu) = k A h 2 (Vh,QW).
(5)
We introduce the weighted Sobolev space
' (6) with completion taken with respect to the norm
'Observe that ii makes ' H a Hilbert space with scalar product
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For the boundary condition u 0 we assume that there exists an element fto E Hi(Q) such that tr(üo,ô) = uo and fh_2IVtoI2dx <+00.
Now we introduce the difference w = u -ü0 and obtain for it the equation where we denote £ = k AQW . We define 
Hence, the variational problem

Regularity of the solution
We denote by r = r(x) the distance of the point x to the boundary aci and by p a real function on C(1l) satisfying the conditions
for x E Q, where C1, c2 and c, are positive constants independent of x. Such function p always exists (see, e.g., [18: Chapter 6/Section 2]) and is called regularized distance of
x to Oft If Ol is smooth, we can set p = r.
The goal of this section is to prove regularity assertions for the solution of problem (1) - (2) in the case when the depth profile h has the representation (15) where 0 is an arbitrary non-negative real number and g is a real function on COO(Q) satisfying the inequality g(x)^!go>O in ft
We restrict ourselves to the case when 11 is a domain of polygonal type, i.e. the boundary oci of ci is piecewise smooth and in a neighbourhood of each corner the domain ci is diffeomorphic to a plane wedge K={x = (x i, x 2 )ER2 : _ 0 <arg(x i +ix 2 )<+ 0 1 (16) where 0 < Oo < 7r. From (15) and the conditions on p it follows that
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for every multi-index a, where cc are constants independent of x E Q. We define the space V4() as the closure of C (1) with respect to the norm
It is evident that the norm in H is equivalent to the norm
. (17) Moreover, from the Hardy inequality it follows that the last norm is equivalent to the norm
in C(). Consequently, H coincides with the space V. (1?).
In the following we will prove that the variational solution of the boundary value problem (1) - (2) 
Obviously, every solution u E H of this variational problem is a weak solution of the differential equation (18) . Since h'Vh and (,Vh) are smooth in Q, we have the inclusion u E H(Q).
0
We observe now what happens, if we apply a diffeomorphism x' = c(x) to equation (18) . First note that the space V4 is invariant under diffeomorhisms. Indeed, let
YEKI be the distance of the point x' = k(x) to the boundary ô' of the domain ' = Then it follows from the differentiability of k that r K (x') cr(x) and, analogously, r(x) <c r,c (x'), where c is a positive constant. Hence tc induces an isomorphism V4() -V(cl'). The operator which arises from the Laplace operator A via coordinate change x -* x' is a second order differential operator with smooth coefficients in Q, while the k-image of the operator u -2 h' (Vh, Vu) is a differential operator of first order with coefficients of the form a(x') h -(a E C°°(cl)).
For the investigation of the smoothness of u up to the boundary we need the following lemma. 
with a constant c independent of u.
on OK
Obviously, u, is equal to zero on the boundary of U, and the support of n is contained in U. Using classical estimates for solutions of elliptic equations in the domain U,, we get . . 
where I,, denotes a set of integer numbers such that >EJ = 1 on U. We can assume that there exists a number N such that every of the sets I, consists of not more than N elements and every i is contained in not more than N of the sets I,,. Using equivalence of the norm in V(K) with the norm
we get the estimate (21). This proves the lemma I Since the differential operator in (18) has the form given in the foregoing lemma, as a consequence of this lemma the following theorem holds.
Theorem 2. Let u E H be a solution of the variational problem (19) and function h has the representation (15) with a function g E C 0o (i) satisfying the inequality Ig(x)l g o >0. Then u E V±(l) for I EN. In particular, 'u EH'()).
Proof. If suppu fl ôl = 0, then the assertion is trivial. Suppose that suppu is contained in a neighbourhood of any boundary point. (Otherwise, we apply a suitable diffeomorphism. As we have seen before Lemma 3, any diffeomorphism transforms the differential equation (18) into the equation Lu = 1, where I E V± I _, and L has the form (20). For sufficiently small supp u it can be assumed that the conditions on the coefficients of L in Lemma 3 are satisfied.) Then with no loss of generality, we may assume that the domain ci coincides with a half-plane or a plane wedge in this neighbourhood. In both cases we can apply Lemma 3 and obtain u E V±fl+j_l (1) . For functions with arbitrary support this assertion holds by means of a suitable partition of unity on Q. Using the fact that the space V±fl+j_I(l) is continuously imbeddèd into We consider now the boundary value problem (1) -(2) with inhomogeneous Dirichlet condition. Under condition (15) assumption (9) can be characterized as follows. with respect to norm (24). Then the function ü 0 in (9) Let u be a solution of problem (1) - (2) and let ho E W! 1 _ 1 (cl) for 1 e N be an extension of u 0 . Then Afio -2h' (Vh,Vüo) E V3 1 _ 1 (1) for 1 E N and w = uis a solution of the equation for 1 e N we can apply Lemma 3 and obtain u E H'.
Lemma 4. Let u 0 be an arbitrary function on ac. Then there exists a function a E H' () with properties (9) if and only if a) u 0 is a constant in the case
/3 > b) u O E H4(aQ) if 0< 3< .
Asymptotics of the solution in a neighbourhood of smooth parts of the boundary
Let u E H be a solution of the boundary value problem (18) , and let x and be smooth cut-off functions which are equal to one in a neighbourhood U of any point E t3Q arid equal to zero outside of a neighbourhood U' D U such that xII' = X. We suppose again that the function h has the representation (15), where g E C°°(Q) with g(x) g > 0. For simplicity, we further assume that aQ coincides with the x2-axis in the neighbourhood U'.
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The function tu can be considered as a solution of the problem
We prove at first a regularity assertion for the derivative of O u in x2-direction.
Lemma 5. If u E H = V' # (Q) is a solution of problem (18), then the inclusion
holds.
Proof. Let v be an arbitrary function in ci and 6 0 0 an arbitrary real number. Then we define the function V6 by the equality
Hence Lemma 1 yields
where H denotes the dual space of H. We show that the right side of this inequality can be majorized by the sum of the norm of F in V', (Q) and the norm of u in V(ci). For every smooth function v with supp v C U' we have
Consequently, we obtain
c ll F lIv. 0 llvllv(n)
Thus, we get the desired estimate for the right side of (29). The constant in this estimate is independent of 6. By the Fatou lemma we further have where
We write G in the form
where
Since i4'u E V(l) and E!±2 e V(1l), the function G0 belongs to the space V(l). Hence for arbitrary e > 0 the Hardy inequality yields
Cf x2IGo(xi,x2)I2dx. 
for all x 2 satisfying the condition 74'( 0 , x 2) = 1. Multiplying (30) by x we obtain
where R E Vç0(1). It is evident that C2 E L2(Ol flu), since x-R -L g(0, x2)x E ax, 0 In an attempt to keep the paper self-contained we are going to outline the derivation of the partial differential equation (1) from continuum physics. However, for details compare [5, 17] and the papers cited there.
As our starting point we take the general 3-D turbulent Navier-Stokes equations
in the 3-dimensional domain 
Here and in (31) the density is assumed constant and equal to 1. As boundary conditions we assume on 5ci31
(the so called "no slip" condition at the ground) and
az
Here W = (W1 , W2 ) is the wind vector (usually taken at a height of z = + 10 (in meters)) and kA > 0 is an empirical constant describing the shear stress induced by the wind. Equation (35) expresses the continuity of the normal impulse flux through the interface between air and water (cf. [10) ). Now, following [5, 11, 17 1, several assumptions are introduced which lead to a scalar linear elliptic partial differential equation in the 2-dimensional domain Q. We look for stationary solutions with small accelerations, and further consider only water bodies with a very small depth to length ratio. Thus we neglect v, vVv, w x and AH as being small in comparison with the remaining terms. Following [5, 11, 17] we also assume AV to depend only on x and not on z. Hence, we obtain from the third component of (31)
Now, by integrating twice and substituting (34) and (35) into the second equation of (36), we obtain an explicit expression for v 1 and v2 dependent on V and z. Integrating once more, and denoting for x E Q the velocity of mass transport by
we arrive after elementary calculations at
Finally, we assume << h and obtain
or, equivalently, -, 3Av
Note that due to (33) the two-dimensional field V is again divergence free, i.e.
divV=0 in Q
As a constitutive assumption in [5] where the integration is carried out along the boundary aci and q is the mass flow through the boundary.
Remark 3. We are not interested here in local velocities v = v(x, z), however they can be derived from (34) -(36) (v i and v2) and from (33) (for v3 ) by integration over [-h(x) ,z] (cf. [5, 11, 17] ).
The variational formulation (12) of problem (1) -( 2) was first used for a Finite Element solution in [7, 9, 121. For the discretization of (12) a conforming Finite Element Method based on (3) was used to calculate the stream functions u and velocity fields .V for the Greifswalder Bodden and the Riga Bay of the Baltic Sea.
It is worthwhile to mention that the discretization of equation (5) instead of equation (1) allows us to work with positive definite symmetric matrices, while the Finite Difference Method applied in [17) yields non-symmetric systems of equations. Hence, the numerical calculations require only half the memory and time compared with [17) . Refined versions of the numerical method have been developped in [3, 6] .
Recently, inverse problems have been concidered in [6, 8, 19] . For details of the numerical solutions and for applications we refer to [8, 12] . The Neumann problem and bounds for the discretization error will be considered in a forthcoming paper.
